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The morphological evolution of a patterned crystalline surface driven by an incident flux of matter is among the most intriguing phenomena of surface physics. The main characteristics of growth morphologies on such substrates are due to different exposed facets having different kinetic and chemical properties. Processes such as the migration of precursors and adatoms, the dissociation of precursors, and the incorporation of adatoms each occur at facet-dependent rates. This results in a nonuniform growth rate across the substrate [1, 2] , with adjacent regions having different thicknesses and compositions which, for semiconductors, produces spatially-varying band gaps and, hence, carrier confinement [2] . Etched patterns can be used to channel mobile surface species to predetermined regions of a substrate, yielding uniform arrays of low-dimensional nanostructures [2] [3] [4] [5] [6] [7] [8] [9] .
The foregoing scenario is the basis for forming quantum wires (QWRs) at V-grooves [2, 5] and quantum dots (QDs) at inverted pyramids [9] during metalorganic vapor-phase epitaxy (MOVPE) on etched GaAs substrates. These nanostructures are called ''self-limiting'' [10] because they result from the balance between the greater inherent growth rate of the side facets and capillarity, which favors growth on the bottom facet. Hence, the structural and compositional profiles of QWRs and QDs depend only on the bounding facets of the original pattern, the growth conditions, and alloy composition. This ensures reproducible lateral confinement and precise positioning, enabling the flexible and versatile design of optical nanosystems through the direct connection between geometry and excitonic spectra (see below).
Pyramidal QDs have wide-ranging properties and applications, including (i) the reproducible formation of excitonic states, which provides uniform single photon emission [11] [12] [13] , (ii) precise coupling in quantum electrodynamic cavities [14] because of accurate site and energy control, and (iii) efficient emission of polarizationentangled photons [15] owing to the high-symmetry [111] growth orientation and the spatial uniformity provided by the patterned substrate. The dependence of the optical transition polarization on the QD shape, size, and symmetry [16] has recently been extended to an analysis that reveals the delicate interplay between the excitonic fine structure and the symmetry and composition of QDs [17] . Identifying the atomistic mechanisms responsible for the self-limiting profile would enable direct control over the geometry of the nanostructure. This would lead to reduced fine-structure effects, pave the way toward more reliable sources of entangled photons, and have an immediate and far-reaching impact on the field of quantum information.
Yet, despite the evident broad appeal of pyramidal QDs, their atomistic formation mechanisms are poorly understood. The systematic characterization of the self-limiting profile as a function of the growth conditions and composition, a key ingredient in model development, has not been readily available because of the painstaking procedures needed to acquire these data. On the other hand, previous work [18] has indicated that a reaction-diffusion model based on the surface diffusion and decomposition at step edges of the group-III precursor explains the morphology of misoriented GaAs(001) surfaces during MOVPE. In fact, the large length scales of typical etched patterns effectively preempt kinetic Monte Carlo simulations except for qualitative studies [19] , leaving a continuum description as the only viable alternative for a quantitative theory.
We present here extensive experimental data and an accompanying theoretical model of self-limiting growth by MOVPE of AlGaAs QDs within tetrahedral recesses patterned on GaAs(111)B surfaces. Our study provides experimental evidence for the self-limiting profile as a function of both alloy content and growth temperature (T G ) and explains the experimental trends in terms of reaction-diffusion equations for the main steps of the
week ending 22 JUNE 2012 growth process. Two sets of AlGaAs/GaAs samples were grown with the goal of reproducing (I) the modulation of the Al content of the ternary compound and (II) the variation of T G (at a fixed alloy composition) [20] . All samples were structurally characterized by atomic force microscopy (AFM) with systematic profiling analyses, involving measurement and image processing routines and minimizing any geometrical and AFM tip artifacts [21] . Our results establish a new paradigm for the future development of seeded nanostructures based on the judicious combination of experimental measurements and theoretical modelling, which could play a pivotal role when a particular design is needed for specific requirements. A systematic analysis of the samples from batch II reveals that increasing T G enhances the capillarity [23] from the sidewalls to the bottom, which increases the growth rate on the base and, therefore, broadens the basal profile.
The self-limited width of the QDs in the inverted pyramids results from a combination of the geometry of the bounding facets, the kinetics on each facet, and interfacet surface diffusion. To reproduce the periodicity of the templates [ Fig. 2(a) ], we divide the substrate into identical unit cells, each consisting of a recess composed of a flat (111)B base and the lateral (111)A surfaces, as delivered by chemical etching after patterning [ Fig. 2(b) ]. Since, as we shall demonstrate, the self-limiting profile is due to the kinetics at the bottom of the recess, the top planar surface can be neglected, which effectively decouples the recesses from one another. To obtain an analytically tractable model, while retaining the essence of the pattern, we replace the pyramidal recess by an inverted truncated conical recess, as shown in Fig. 2 We suppose that the precursors trimethylgallium (TMGa), trimethylaluminum (TMAl), and arsine (AsH 3 ) arrive at the substrate by diffusion through a boundary layer. Because of the arsenic-rich conditions, we consider the kinetics only of the group-III species and their precursors, as the concentration of arsenic is presumed not be rate limiting in any surface reaction [24] . Atoms are released by the decomposition of precursors at step edges, whereupon they diffuse until incorporated into the growth front. The adatom concentration n i on each facet i is a solution of the stationary diffusion equation
in which D i is the diffusion constant, F i the effective atomic flux, and i the lifetime to incorporation. There are separate equations for Ga and Al on each facet, so each quantity in this equation has a value for each atomic type 
In the first term in Eq. (1), the adatom diffusion coefficient D i is given by the Arrhenius expression
where a is the jump length, taken as the nearest neighbour lattice spacing, $ 10 13 s À1 the attempt frequency, E D i the energy barrier to hopping, k B is Boltzmann's constant, and T the absolute temperature [25] .
The effective atomic fluxes in the second term in Eq. (1) are products of precursor fluxes and their facet-dependent [23, 26] 
the sidewalls. These fluxes are determined by requiring that the total deposition of group-III precursors corresponds to a growth rate of 1 monolayer (ML)/s and that the growth rate F across the unit cell is related to the growth rates of the individual facets by
where A b and A s are the areas of the base and side facets. For Al x Ga 1Àx As the total deposition flux of Al atoms is Finally, in the third term in Eq. (1), experimental observations, mainly from molecular-beam epitaxy [27] , suggest an exponentially decreasing lifetime with temperature. Hence, for the ith facet we take
with frequency prefactor i and energy barrier E i . The concentrations of Ga and Al within the conical recess are determined from the general solutions of Eq. (1) for the bottom facet and the sidewalls. For the circular bottom facet, we express Eq. (1) in polar coordinates and obtain the (finite) solution
with C b an arbitrary constant, I 0 the modified Bessel function of the first kind of order zero, and b ¼ ðD b b Þ 1=2 the diffusion length on this facet. The form of Eq. (1) on the conical side facets requires the Laplace-Beltrami operator on this curved surface [28] . The (finite) general solution of the resulting equation is
where u is the ''radial'' coordinate on the cone, the angle between the basal and side facets [ Fig. 2(c)] , C s an arbitrary constant, K 0 the modified Bessel function of the second kind of order zero, and s ¼ ðD s s Þ 1=2 the diffusion length on this facet.
The arbitrary constants in Eqs. (5) and (6) are determined by requiring the adatom concentrations and currents to be equal at the facet boundary. This yields unique solutions for the concentrations from which the local growth rate, perpendicular to each facet, is calculated as
where 0 ¼ a 3 is the atomic volume. The total growth rate
. The self-limiting width L Ã b is obtained by requiring that the total growth rates at the boundary between side and bottom facets are equal:
There are two types of parameters required for the solution of Eq. (8) . Those in Table I are geometrical quantities and growth conditions, which are known from experiment. However, the kinetic parameters in Table II , which determine the rates of our surface processes, are difficult to measure directly in an MOVPE reactor and are not readily available from first-principles calculations. Accordingly, we will regard these as fitting parameters, but with restricted values. For example, our experimental observations, combined with studies of molecular-beam epitaxy [29] , suggest faster diffusion of Ga on (111)A than on (111)B planes. The differences between atomic Ga and Al imply a shorter diffusion length and, therefore, a faster incorporation rate for Al. A shorter lifetime on the base facet gives a higher incorporation rate, which accounts for the capillarity-induced enhancement of the atom to be incorporated on that facet. Table II compiles Fig. 2(c)] . a is the thickness of 1 ML, H the depth of the recess, the angle between the bottom and side facets, and T G the growth temperature.
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Value
week ending 22 JUNE 2012 ening profile as the Ga concentration increases. Ga adatoms diffuse over longer distances than Al, so a higher Ga concentration can be expected to diffuse from the sidewalls toward the basal plane, whereupon the atoms can be promptly incorporated (the lifetime on the bottom being shorter than on the lateral facets). This leads to an increased growth rate on the bottom facet, which is accompanied by a widening of the self-limiting profile as shown in the inset of Fig. 3(a) . More detailed analysis shows that the self-limited profile results not just from kinetics but also from a delicate balance between geometry and kinetics (see Supplemental Material [30] for details). Figure 3(b) shows the spatial dependence of the Ga concentration profiles for different nominal Ga contents. As expected from experimental observations, our theory exhibits an enrichment of the relative Ga growth rate on the bottom facet, leading to an appreciably higher Ga concentration on the base than on the sidewalls where the Ga concentration is equal to the nominal value. However, as the nominal Ga concentration increases, the local relative growth rate flattens along the basal facet and, for Ga concentrations *0:8, exhibits a shallow double maximum at the boundary between the bottom and sidewalls (barely visible in the figure). This is not necessarily unexpected [31] , and a refinement of the adatom kinetic parameters could clarify this behavior as it results from the interplay between diffusion and incorporation. This is a matter for future work.
To better visualize the segregation effects, Fig. 3 (c) shows the enhancement of the relative Ga growth rate in the middle of the template compared to the nominal growth rate. This figure also shows the fit to experimental data in Ref. [32] for the Ga concentration of a pyramidal structure grown under similar conditions to those employed here, calculated from
for nominal Al content x with k ¼ 8:6 a fitting parameter. Good agreement is obtained between this formula and our calculations (the small mismatch might be reduced with further optimization of our kinetic parameters), confirming that our model can predict the actual concentration of Ga incorporated along the vertical axis of the pyramid and is revealed, therefore, to be useful for designing structures requiring a specific alloy composition for a particular device application.
To investigate the temperature dependence of the selflimiting width, Eq. surface diffusion (which increases with the temperature) from the sidewalls toward the basal plane.
In summary, we have introduced a theoretical model which comprehensively reproduces the main experimentally observable phenomena during the growth by MOVPE of pyramidal QDs and VQWRs. The reaction-diffusion equations formulated here account for the interplay between precursor decomposition, adatom diffusion, and incorporation on the different crystallographic facets of the seeding template and can be extended to study the morphological evolution of any patterned surface. These results pave the way toward a reproducible on-demand design of seeded low-dimensional nanostructures and establish solid foundation for the future development of quantum-based technologies. Indeed, our improved understanding of the growth process has enabled us to obtain, for the first time, ordered arrays of entangled photon emitters, rather than isolated emitters, on a single wafer [33] .
